At most how many edges can an ordered graph of n vertices have if it does not contain a fixed forbidden ordered subgraph H? It is not hard to give an asymptotically tight answer to this question, unless H is a bipartite graph in which every vertex belonging to the first part precedes all vertices belonging to the second. In this case, the question can be reformulated as an extremal problem for zero-one matrices avoiding a certain pattern (submatrix) P. We disprove a general conjecture of Fiiredi and Hajnal related to the latter problem, and replace it by some weaker alternatives. We verify our conjectures in a few special cases when P is the adjacency matrix of an acyclic graph and discuss the same question when the forbidden patterns are adjacency matrices of cycles. Our results lead to a new proof of the fact that the number of times that the unit distance can occur among n points in the plane is 0(n4/3).
Introduction
A simple graph G with a linear ordering on its vertex set V(G) is called an ordered graph. The edge set of G is denoted by E(G). In the spirit of the fundamental problem of Turs extremal graph theory [3] , one can raise the following general question. What is the maximum number ex<(n, H) of edges that an ordered graph on n vertices can have without containing a (not necessarily induced) subgraph isomorphic to a fixed ordered graph H? The ordering of the vertices is inherited by the subgraphs. An isomorphism between two ordered graphs is an isomorphism between the underlying unordered graphs that respects the ordering of the vertices. If a graph does not contain H as an ordered subgraph, it is called H-free. We assume H has at least one edge.
Define the interval chromatic number X< (H) of an ordered graph H as the minimum number of intervals the (linearly ordered) vertex set of H can be partitioned into, so that no two vertices belonging to the same interval are adjacent in H. By a simple application of the Erd6s-Stone theorem [7] , one can easily describe the asymptotic behavior of ex< (n, H), unless X< (H) = 2. See also [5] for a similar result and proof. Therefore, it is sufficient to show that in any ordering of K x (m) there is an ordered subgraph isomorphic to H. To see this, let v~,..., v~ be the elements of Vi in increasing order (1 < i < X). Partition the vertex set of H into X independent intervals. For 0 <_ j _< X, let my stand for the total size of the first j intervals. Define a permutation 7r on {1,...,X} as follows. Let 7r (1) ms is the smallest. Assume that we have already be the index i for which v i defined 7r(1),...,Tr(j -1). Let ~r(j) be the index i different from the previous ones for which v~ j is the smallest. Now we can easily give an order preserving
